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We evaluate the azimuthal anchoring energy of a grooved surface by calculating numerically the Frank
elastic energy of a nematic cell composed of the grooved surface and a flat one with rigid azimuthal anchoring,
where the director is fixed along the � direction. We pay attention to the surface anchoring induced by elastic
distortions of the director due to its contact with a nonflat surface, which impose local planar degenerate
anchoring. Surface anchoring of this kind was analyzed analytically for shallow grooves by Berreman �Phys.
Rev. Lett. 28, 1683 �1972�� and critically reexamined by the present authors �Phys. Rev. Lett. 98, 187803; 99,
139902�E� �2007��. We consider two types of surface. one is a surface with one-dimensional sinusoidal parallel
grooves, and the other is a surface with two-dimensional square patterns whose surface height is given by a
sum of two sinusoidal functions with orthogonal wave vectors. The total energy is the sum of the anchoring
energy and the twist energy in the bulk. For the calculation of the twist energy to be eliminated and the
evaluation of the azimuthal-angle dependence of the anchoring energy, the “average” azimuthal angle at the
bottom, ��0�, must be determined. We adopt two methods to determine ��0�. One is a simple extrapolation of
the twist deformation in the bulk. The other relates ��0� to the variation of the total Frank elastic energy with
respect to �. Our calculations indicate that both methods give essentially the same results, which indicates the
consistency of those two methods. We also show that, for a surface with square patterns, the agreement
between theory and numerical calculations is quite good even when the maximum of the surface slope is
around 0.4, which theory assumes is much smaller than unity. When the surface slope is of order unity, the
deviation of numerical results from theory crucially depends on the the surface elastic constant K24.
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I. INTRODUCTION

Control of the properties of surface anchoring in a desir-
able manner is crucial in applications involving liquid crys-
tals, such as display technologies. Understanding the under-
lying mechanism of surface anchoring is an important
subject also in the fundamental science of liquid crystals
�1–3�.

Two mechanisms have been shown to be mainly respon-
sible for surface anchoring. One is intermolecular interaction
between the liquid crystal molecules and the ones constitut-
ing the surface �4–6�, which are polymer chains in most
practical cases. This mechanism of surface anchoring, al-
though important, is difficult to deal with physically because
of its sensitivity to chemical details of the constituent mol-
ecules. The other mechanism is elastic distortions of the liq-
uid crystals arising from their contact with a nonflat surface.
The latter has been attracting considerable attention because
recent rapid progress in nanotechnology has enabled one to
tailor arbitrarily patterned or grooved surfaces with
submicrometer-scale precision, leading to many experimen-
tal studies aimed at achieving some desirable anchoring
properties on microscopically grooved surfaces �7–15�. An-
choring properties realized by such surfaces include multi-
stability �9,14� and controllable pretilt angles �10,11,15�.

The first theoretical study concerning surface anchoring
attributable to nonflat surface geometry and the resultant

elastic distortion of a nematic liquid crystal was presented by
Berreman �16�. His theory has been regarded as capturing the
essential aspects of surface anchoring induced by surface ge-
ometry, and motivated numerous theoretical �17–21� as well
as experimental studies �22–24� to elucidate the effect of
surface geometry on liquid crystal anchoring. In our recent
work, however, we showed that Berreman’s theory was
based on the invalid assumption of no azimuthal director
distortions and did not incorporate surface elasticity properly.
We presented a rigorous analytic formula for the azimuthal
anchoring energy of a nematic liquid crystal for surfaces
with one-dimensional parallel grooves �25,26� and extended
our theory to surfaces with arbitrary patterns �27�.

However, all of the analytical studies, including ours, con-
cerning anchoring induced by nonflat surface geometry rely
on the assumption that the surface slope and the resultant
distortion of a nematic liquid crystal are small enough so that
it is sufficient to consider the quadratic form of the Frank
elastic energy in terms of the director distortion. Otherwise,
the Euler-Lagrange equations to minimize the Frank elastic
energy become nonlinear in the director n, which are, in
practically all cases we are interested in, impossible to solve
analytically. Therefore numerical studies will be necessary
for understanding the anchoring properties of grooved sur-
faces with relatively large slope. There have been a number
of numerical studies based on continuum theory �28–32� or
molecular dynamics simulations �33� to elucidate the behav-
ior of a nematic liquid crystal in the vicinity of a grooved
surface. However, none of those previous studies has paid
attention to the precise form of the anchoring energy as a*fukuda.jun-ichi@aist.go.jp
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function of the azimuthal angle of the director.
In our previous study �34�, we carried out a numerical

analysis of the anchoring energy of a surface with one-
dimensional parallel grooves to check the validity of our
analytic studies �25,26� and to find out to what extent our
theory is applicable �or to be precise, up to how large a
surface slope our theory is valid�. We showed that for qA
�0.2, with q and A being the wave number and the ampli-
tude of the sinusoidal profile of the grooves, respectively, our
numerical results of the azimuthal-angle dependence of the
anchoring energy agree perfectly with analytical ones. Even
when qA is of order unity, the deviations of numerical results
from analytical ones are relatively small, indicating the un-
expectedly wide applicability of our analytical theory.

Since our previous paper �34� was a short contribution, in
the present paper we will present some more details of our
numerical calculations, including how to discretize the Frank
elastic energy. We will also discuss in more detail how the
anchoring energy should be evaluated from the calculated
Frank elastic energy; contributions from the twist in the bulk
must be carefully eliminated and the evaluation of the azi-
muthal angle of the director at the grooved surface is non-
trivial. Furthermore, we will present our results of the calcu-
lation of the anchoring energy of surfaces with two-
dimensional square patterns, while our previous work �34�
was restricted to a discussion on one-dimensional parallel
grooves.

This paper is organized as follows. In Sec. II, we briefly
review the results of our previous studies �25–27� which
should be compared to our numerical results. Section III de-
scribes the details of our numerical calculations. We will
present our results in Sec. IV. Section V concludes this paper.

II. THEORY

Let us now review briefly our analytical theory �25–27�
on surface anchoring due to surface grooves, which origi-
nates from a critical reexamination of the well-known Berre-
man theory on the same problem �16�. We first discuss the
anchoring induced by one-dimensional sinusoidal grooves
parallel to the x axis, whose surface height h�x ,y� with re-
spect to a reference plane z=0 is written as

h�x,y� = A sin qy �1�

with q�0. We consider a situation in which a nematic liquid
crystal is in contact with the surface described above, and the
orientation at infinity z= +� is along n�= �cos � , sin � ,0�.
The azimuthal angle � is then the one between n� and the
groove direction.

The Frank elastic energy of a nematic liquid crystal in
terms of the director n is written as �1,35,36�

fFrank�n,�n� =
1

2
�K1�� · n�2 + K2�n · � � n�2

+ K3�n � � � n�2

− Ks � · �n � · n + n � � � n�� . �2�

Here K1, K2, and K3 are the splay, twist, and bend elastic

constants, respectively. The last term, which can be con-
verted to a surface integral, is referred to as the surface elas-
tic term. For the clarification of the role of the surface elastic
term, we have introduced a symbol Ks�K2+K24, where K24
is the saddle-splay elastic constant �35–37�. Here we do not
consider another surfacelike term K13� · �n� ·n�, because
this term renders the problem of finding the director profile
minimizing the Frank elastic energy ill defined �35,38�, and
even the presence of this term �or nonzero K13� has been
questioned �39�.

We assume local planar degenerate anchoring at the sur-
face: That is, the director n can point along any direction
without any energetic cost as long as it is tangential to the
surface. When ��0, this planar alignment induces elastic
distortions of the director n. Under the assumption of small
surface slope, i.e., �qA��1, the problem of finding the equi-
librium director profile minimizing the total Frank elastic
energy is analytically tractable. From the calculated director
profile, we can determine the anchoring energy due to the
elastic distortion arising from surface grooves. The details of
the calculations are given in our previous work �25,26�, and
the final result of the anchoring energy per unit surface reads

f1D��� =
1

4
A2q3 sin2�

g1���	K3 sin2 � + Ks cos2 �

�
2 −
Ks

K3

g1���g2��� − cos2 �

sin2 �
�� , �3�

where gi���=cos2 �+ �K3 /Ki�sin2 � �i=1,2�.
The above theory on one-dimensional sinusoidal grooves

can be readily extended to surfaces of arbitrary shape, as
long as the surface slope is small enough �27�. A simple
superposition principle applies; when we write the surface
height profile h�x ,y� in terms of a Fourier series, the result-
ant anchoring energy is just the sum of the contributions
from each Fourier component. In the simple case of a surface
with square patterns whose height is

h�x,y� = A�sin qx + sin qy� , �4�

the anchoring energy fsq��� is simply written using the
above result, Eq. �3�, as

fsq��� = f1D��� + f1D�� + �/2� . �5�

III. NUMERICAL CALCULATION

A. Calculation of the equilibrium profile

What we calculate numerically is essentially the same as
in our theory: calculation of the Frank elastic energy of a
nematic liquid crystal in contact with a grooved surface im-
posing local planar degenerate anchoring. One difference is
that in our numerical calculations we adopt the complete
form of the Frank energy, Eq. �2�. On the other hand, in
analytical arguments with the assumption of small distortion
of n, only a quadratic form in the distortion has been used
�16,25–27�. Moreover, while in our theory we have dealt
with a semi-infinite space h�x ,y�	z	 +�, in our numerical
calculations we consider a finite cell in which a liquid crystal
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is filled in the region h�x ,y�	z	Lz
 +�, with Lz being the
position of the upper flat surface. This is because in general
special care is necessary in numerical calculations when one
wants to treat infinity. The difference arising from the choice
of a finite system will be given in detail later.

As in the previous section, we consider two types of
grooved surface. One is a set of parallel grooves whose
height is h�x ,y�=A sin qy; the other is a surface with square
patterns: h�x ,y�=A�sin qx+sin qy�. Hereafter we describe
our numerical treatment in the case of a surface with square
patterns. In the case of a set of parallel grooves, due to trans-
lational symmetry along the x direction, �x=0, and we have
to deal only with a two-dimensional rectangular system in
the �y ,�� space �the definition of � is given below�. The
details of the treatment of this two-dimensional system can
be found in our previous paper �34�.

We adopt periodic boundary conditions in the x and y
directions that conform to the periodicity of the surface; the
director profile satisfies n�x ,y ,z�=n�x+2�k /q ,y+2�l /q ,z�,
with k and l being arbitrary integers. We also introduce a
variable ��x ,y ,z� satisfying

z = � + �1 − �/Lz�h�x,y� . �6�

Then our system in the �x ,y ,z� space with 0	x ,y
Lx=Ly
=2� /q and h�x ,y�	z	Lz is mapped onto a rectangular
solid in the �x ,y ,�� space with 0	�	Lz.

The total Frank elastic energy per unit area of the refer-
ence plane �z=0� is given by

F = 
 q

2�
�2�

0

2�/q

dx�
0

2�/q

dy�
0

Lz

d�
�z

��

� fFrank�n,�xn�x,y,��,�yn�x,y,��,��n�x,y,��� . �7�

We discretize our system in a three-dimensional �x ,y ,��
space by N�N� �N+1� grid points with equal spacings,
�x=�y=Lx,y /N=2� /qN and ��=Lz /N. In the present cal-
culation, we choose N=32 and Lz=Lx,y. At each grid point,
we assign the values of the director as ni,j,k=n�x= i�x ,y
= j�y ,�=k���, with 0	 i, j
N and 0	k	N. How to dis-
cretize Eq. �7� and calculate functional derivatives F /n in
a numerical sense will be given in Appendix A.

We obtain the equilibrium director profile by relaxing the
system via a simple equation involving the rotation of the
director: �ni /�t= �ij −ninj�F /nj �40�, where a hydrody-
namic flow is not taken into account. In the present study, we
are interested only in the equilibrium profiles of n, and there-
fore there is no problem neglecting the effect of hydrody-
namics. The time t is rescaled so that rotational viscosity
does not appear explicitly in the above dynamical equation.
To take care of the constraint of �n�=1, we employ the ex-
plicit Euler scheme �ñi�t+�t�−ni�t�� /�t= �ij
−ni�t�nj�t��F /nj�t� and set n�t+�t�= ñ�t+�t� / �ñ�t+�t��.

In the course of the relaxation we fix the director at the
upper surface z=�=Lz to ni,j,N= �cos � , sin � ,0�. At the
lower surface �=0, the tangential boundary condition is im-
posed; i.e., ni,j,0 ·�i,j =0, with �i,j =0 being the surface normal
at x= i�x and y= j�y.

As the initial condition for the relaxation, we employ uni-
form alignment ni,j,k= �cos � , sin � ,0� when 0
�	� /4. In

some cases with large qA, we also perform calculations with
�	0 �see Fig. 12�b� below�. In such cases, an equilibrium
profile for �=2.5° is used as the initial condition.

B. Determination of the azimuthal-angle dependence of the
anchoring energy

From the calculation of the equilibrium profile of n and
the resultant Frank elastic energy �7� with the variation of the
azimuthal angle � at the upper surface, we can deduce the
azimuthal-angle dependence of the anchoring energy. How-
ever, care must be taken in interpreting the calculation re-
sults, because we are dealing with a finite cell and twist
deformation is present in the bulk. Therefore, we must elimi-
nate the contribution from the twist deformation in the bulk.

To discuss the effect of twist deformation in the bulk, we
consider a simplified model of a nematic cell with thickness
Lz sandwiched by two parallel flat surfaces. As in our nu-
merical system, the director at the upper surface �z=Lz� is
fixed to n= �cos � , sin � ,0�. The lower surface �z=0� as-
sumes planar alignment whose anchoring energy per unit

area is f̃a(��0�), where ��0� is the azimuthal angle of the

director at the lower surface and now f̃a(��0�) is an unknown
function of ��0�. The director n in the bulk is a function of
only z and is written as n�z�= (cos ��z� , sin ��z� ,0), with
��Lz�=�. The twist energy is minimized when d� /dz
=const= ��−��0�� /Lz. Then the total free energy of the cell
per unit area is written as

F��� = f̃a„��0�… +
K2

2
�

0

Lz

dz
d�

dz
�2

= f̃a„��0�… +
K2�� − ��0��2

2Lz
. �8�

Recall that both f̃a and ��0� are unknown at present. How-
ever, since F��� has been calculated numerically, once the
relation between ��0� and � is known, the anchoring energy

f̃a can be obtained as a function of ��0�. In what follows we
describe two ways of determining the relation between ��0�
and �.

One is the method used in our previous study �34�: ex-
trapolation of the uniform twist in the bulk. To be precise, we
first calculate the azimuth �n of the director n, that is, �n
�arctan�ny /nx�, at all the grid points in z�Lz /2. Then we
determine ��0� by a least squares fit of those �n’s to ��z�
=��0�+ ��−��0��z /Lz. We will refer to this evaluation of
��0� as method A.

The other is the use of Eq. �8�. Recall that, for our sim-
plified cell to be in equilibrium, F��� in Eq. �8� must be
minimized with respect to ��0�. Therefore

0 = f̃a�„��0�… −
K2�� − ��0��

Lz
�9�

is satisfied, in which f̃a����=df̃a��� /d�. Equation �9� just de-
scribes the balance of torque at the lower surface.

We note that under the constraint of Eq. �9� ��0� varies
with the variation of �. Thus the differentiation of Eq. �8�
with respect to � yields
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dF���
d�

= f̃a�„��0�…
d���0��

d�
+

K2�� − ��0��
Lz


1 −
d���0��

d�
�

=
K2�� − ��0��

Lz
, �10�

where use has been made of Eq. �9� to eliminate f̃a�(��0�).
Equation �10� indicates that the relation between ��0� and �
can be deduced when the variation of the total Frank elastic
energy F with respect to � is known. We will refer to this
treatment as method B. It is instructive to note that the left-
hand side of Eq. �10� is the work necessary to rotate the
upper plane �imposing rigid azimuthal anchoring� by unit
angle. Therefore the azimuthal angle ��0� at the lower plane
is known directly by measuring the work required to rotate
the upper plane.

Now we comment on the advantages and disadvantages of
methods A and B. While method A can be readily imple-
mented and its implication can be easily understood, the
evaluation of the uniform twist from the calculated data
might need a careful treatment. Method B is based on the
properties of the �model� system derived rigorously �Eq.
�10��, and is therefore expected to be more accurate than
method A. However, method B needs a numerical evaluation
of dF��� /d�, and therefore many numerical data with small
intervals of � will be necessary.

From the treatments described above, we can determine
the azimuthal-angle ���0�� dependence of the surface an-

choring energy f̃a by calculating numerically the � depen-
dence of the total Frank elastic energy F. In the following
section, we will present our numerical results of the evalua-
tion of the anchoring energies.

IV. RESULTS AND DISCUSSIONS

In our numerical calculations, we have chosen the mate-
rial parameters K1 /K3=0.7, K2 /K3=0.5, and Ks /K3=0.6 or 1
as in our previous study �34�. Notice the inequality K3�K1
�K2 satisfied by most rodlike liquid crystals, which con-
forms to our choice of K1 /K3 and K2 /K3.

Now we comment on the inequalities that must be satis-
fied by the surface elastic constant. Ericksen showed �36,41�
that for the Frank elastic energy �2� to be positive definite, a
set of inequalities must be satisfied. In our choice with K1
�K2�0 and K3�0, one of the inequalities reads

�K24� 	 K2 or 0 	 Ks 	 2K2. �11�

Notice also that, from their molecular theory, Nehring and
Saupe �37� derived an equality 2K24=K1−K2, or 2Ks=K1
+K2. After a careful reexamination of their molecular theory,
Yokoyama �39� replaced the equality by an inequality

2K24 � K1 − K2 or 2Ks � K1 + K2. �12�

Therefore Ks /K3=0.6 and 1 are the smallest and the largest
values allowed by the inequalities �11� and �12�.

A. One-dimensional parallel grooves

In our previous study �34�, we presented our numerical
evaluation of the anchoring energy of one-dimensional par-

allel grooves using method A described above. Thus we now
concentrate on the difference arising from the choice of
method A or B. The height profile of the surface is given in
Eq. �1�.

In Figs. 1–3, we plot the azimuthal angle ���0�� depen-
dence of the calculated anchoring energy evaluated by meth-
ods A and B for qA=� /160�0.0196, � /16�0.196, and
3� /16�0.589, respectively. Here we have introduced a res-

caled numerical anchoring energy F̃a(��0�)
� f̃a(��0�) / � 1

4K3A2q3�. We also show there a rescaled ana-
lytical anchoring energy Fa= f1D / � 1

4K3A2q3�, in which the
definition of f1D is found in Eq. �3�. It can be seen from Figs.
1–3 that methods A and B yield almost the same dependence
of the anchoring energy on the azimuthal angle ��0�. More-
over, as has already been shown in our previous work �34�,
for qA=� /160 and � /16, the anchoring energies calculated
numerically show excellent agreement with analytical ones.
These results clearly guarantee the validity of our numerical
evaluation of the anchoring energy, by both methods A and
B.

To see the difference in methods A and B in another way,
we plot in Figs. 4–6, the dependence of the calculated azi-
muthal angle ��0� at the grooved surface on the �fixed� azi-
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FIG. 1. �Color online� Rescaled anchoring energy F̃a for one-
dimensional parallel grooves as a function of the azimuthal angle at
the bottom, ��0� for qA=� /160�0.0196. The surface elastic con-
stant is Ks /K3=0.6 �a� and 1 �b�. The solid lines represent the res-
caled analytic anchoring energy Fa for small qA.

FUKUDA, YONEYA, AND YOKOYAMA PHYSICAL REVIEW E 79, 011705 �2009�

011705-4



muthal angle � at the top flat surface. For qA=� /160 �Fig.
4�, the calculated ��0�’s fall on to the line ��0�=�, indicat-
ing that there is no observable twist in the bulk. For qA
=� /16 in Fig. 5, a slight deviation from ��0�=� is ob-
served, and except when �=0° or 90°, ��0�
�, which im-
plies that the director at the bottom grooved surface is ro-
tated towards the easy direction ��0�=0° and thus twist
deformation is present in the bulk. The results from methods
A and B differ slightly; nevertheless the behaviors of the
anchoring energy deduced from methods A and B are almost
the same, as has already been seen in Fig. 2. This somewhat
surprising result again manifests the validity of both methods
A and B for the calculation of the anchoring energy. We also
speculate that the difference in the behavior of ��0� with
respect to � obtained by methods A and B arises from the
finite size effect; when the system thickness Lz goes to infin-
ity, it is expected that the difference will vanish.

In contrast to the previous cases, large deviation from
��0�=� is clearly seen in Fig. 6 when qA=3� /16. As has
already been noted in our previous work �34�, ��0��90°
even when �=90°. These results clearly imply that large
twist deformations exist in the bulk. We also find from Fig. 6
that methods A and B give almost, but not perfectly, the same
results for ��0� unless ��90°. Here again it is surprising
that the results of the calculation of the anchoring energy
using methods A and B fall onto the same curve, as indicated
in Fig. 3.

It is seen from Fig. 6 that for qA=3� /16, ��0� deter-
mined by method B does not exceed some value ��0�max
smaller than 90°, which marks a sharp contrast to the behav-
ior of ��0� for qA=� /160 and � /16, as found in Figs. 4 and
5. This finding for qA=3� /16, together with the fact that
��0��90° even when �=90° as mentioned above, can be
explained in a simple schematic manner presented in Appen-
dix B.

B. Two-dimensional square patterns

Now let us move on to the cases of a surface with square
patterns whose surface height is written as Eq. �4�. Figures
7–9 show the azimuthal angle ���0�� dependence of the cal-
culated anchoring energy evaluated by methods A and B for
qA=� /160�0.0196, � /16�0.196, and 3� /16�0.589, re-
spectively. The rescaled numerical anchoring energy is de-

fined as F̃a(��0�)�� f̃a(��0�)− f̃a�45° �� / � 1
4K3A2q3� and the

same definition is employed for the rescaled analytical an-
choring energy Fa(��0�). The form of the unrescaled analyti-
cal anchoring energy is found in Eq. �5�. Note that, from the
symmetry of square patterns, it is sufficient to show the re-
sults for 0° 	��0�	45°.

As in the cases of one-dimensional grooves in the previ-
ous section, we find from Figs. 7–9 that methods A and B
result in almost the same dependence of the anchoring en-
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FIG. 2. �Color online� Same as Fig. 1 for qA=� /16�0.196.
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FIG. 3. �Color online� Same as Fig. 1 for
qA=3� /16�0.589.
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ergy on ��0�, again indicating the validity of both methods A
and B as the way of evaluating the anchoring energy numeri-
cally. It can be also seen from Figs. 7 and 8 that for qA
=� /160 and � /16, the numerical anchoring energies agree
quite well with analytical ones. Notice from Eq. �4� that the
maximum slope of the surface pattern is 2qA and for qA
=� /16 �Fig. 8�, 2qA�0.393, which cannot be regarded as
much smaller than unity. Since the assumption �qA��1 is
employed in the theory as already noted, the agreement with
theory and numerical calculation even when the maximum
slope is around 0.4 is again quite surprising.

In the case of qA=3� /16, where the maximum slope is
1.18, deviations of numerical results from theory is visible.
However, an important qualitative feature in the analytical
result that the minimum of the anchoring energy is located at
��0�=45° is retained in our numerical results. We also find
that the relative difference between theory and numerical re-
sults is larger for Ks /K3=1 than for Ks /K3=0.6, which indi-
cates the crucial role of surface elasticity in surface anchor-
ing. We will return to this problem later why Ks /K3=0.6
gives a relatively better agreement.

We also comment that F̃a�0° � �or the difference between
the rescaled anchoring energies at ��0�=0° and 45°� is larger

for Ks /K3=1 than for Ks /K3=0.6 �look carefully at the ver-
tical axes in Figs. 7–9�. This result again demonstrates the
importance of surface elasticity and shows a marked differ-
ence from the cases one-dimensional grooves, where

F̃a�90° � �or the difference between the anchoring energies at
��0�=0° and 90°� does not depend on Ks.

As in the previous section, to check the difference in
methods A and B in another way, we present in Figs. 10–12,
the dependence of the calculated azimuthal angle ��0� at the
grooved surface on the fixed azimuthal angle � at the top flat
surface. Figure 10 for qA=� /160 clearly shows that ��0�
falls on the line ��0�=�, indicating the absence of twist in
the bulk as in the case of one-dimensional grooves in Fig. 4.
For qA=� /16 in Fig. 11, we can observe a slight deviation
from ��0�=�. It is also seen that ��0� is always larger than
� except at �=0° and 45°, which means the rotation of the
director at the bottom surface toward the easy direction
��0�=45°. This tendency is similar to that in Fig. 5 for one-
dimensional grooves, except for the difference in the direc-
tion of the easy axis �in the latter case it is along ��0�=0°�.
We find, as in Fig. 5, that the results from methods A and B
differ slightly. However, despite this difference, the anchor-
ing energies calculated from methods A and B fall on a
single curve, again indicating the robustness of the calcula-
tion methods for the anchoring energy.

Figure 12 plots ��0� for qA=3� /16. Both for Ks /K3
= �a� 0.6 and �b� 1, large twist deformations are clearly ob-
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FIG. 4. �Color online� Azimuthal angle of the director at the
bottom one-dimensionally grooved surface, ��0�, as a function of
the �fixed� azimuthal angle at the top flat surface � for qA
=� /160�0.0196. The surface elastic constant is Ks /K3=0.6 �a�
and 1 �b�. The solid line corresponds to ��0�=�, which implies the
absence of twist deformations in the bulk.
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FIG. 5. �Color online� Same as Fig. 4 for qA=� /16�0.196.
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served. However a difference is found there; in Fig. 12�a�,
��0�=0° at �=0°, while this is not the case in Fig. 12�b�. In
Fig. 6, we saw that ��0��90° at �=90° and in Appendix B

we see that, for this behavior to occur, � f̃a�(��0�=90° )�
�K2 /Lz is necessary. In the present cases of surface with

square patterns � f̃a�(��0�=0° )� must be larger than K2 /Lz for
��0� to become unequal to 0° at �=0. We find from Fig. 9

that � f̃a�(��0�=0° )� for a surface with square patterns is ob-
viously smaller for Ks /K3=0.6 than for Ks /K3=1. By com-
paring Figs. 3 and 9 and carefully looking at the vertical

axes, we also see that � f̃a�(��0�=0° )� for a surface with

square patterns is smaller than � f̃a�(��0�=90° )� for one-

dimensional grooves. Therefore it is likely that � f̃a�(��0�
=0° )� for Ks /K3=0.6 is not large enough to result in ��0�
�0° at �=0°. We again emphasize the excellent agreement
between the results obtained by methods A and B found in
Fig. 9, in spite of the relatively large difference in the behav-
ior of ��0� that can be seen in Fig. 12.

Finally, we discuss here why in the case of qA
=3� /16Ks /K3=0.6 gives a relatively better agreement with
theory than Ks /K3=1. A similar tendency was found in the
case of one-dimensional grooves in our previous study �34�,
and we attributed it to a good agreement between theoretical
and numerical results in the profile of the azimuthal angle of
the director throughout the system �see Fig. 3 of Ref. �34��.

Now we carry out a similar analysis for the present results in
the case of a surface with square patterns for qA=3� /16.

In Fig. 13, the azimuth of the director �n�arctan�ny /nx�
for qA=3� /16 and �=10° is plotted as a function of z /Lz at
all the grid points in our numerical system for Ks /K3=0.6
and 1. We also show, by solid lines, the range of �n expected
by a naive theoretical argument: �n should be the superposi-
tion of a uniform twist ��twist�z����0�+ ��−��0��z /Lz� and
azimuthal distortions induced by surface grooves. Therefore
�n is expected to be in the range [�twist�z�
−arcsin�ny

max(z ,��0�)� ,�twist�z�+arcsin�ny
max(z ,��0�)�]. Here

ny
max(z ,��0�) is the maximum azimuthal distortion expected

theoretically, whose explicit form is given in Appendix C.
We also note that ��0� is determined by method A.

The forms of the azimuthal-angle profiles are quite differ-
ent despite the fact that the sole difference between Figs.
13�a� and 13�b� arises from the choice of the surface elastic
constant Ks. Therefore Fig. 13 again demonstrates the sig-
nificant role played by surface elasticity. Figure 13�b� indi-
cates that the azimuthal angle profile ��n� almost falls onto
the region expected by the above naive theoretical argument
for Ks /K3=1, while we find from Fig. 13�a� that the theoret-
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FIG. 6. �Color online� Same as Fig. 4 for
qA=3� /16�0.589.
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FIG. 7. �Color online� Plots of the rescaled anchoring energy F̃a

for a surface with square pattern as a function of the azimuthal
angle at the bottom, ��0� for qA=� /160�0.0196. The surface
elastic constant is Ks /K3=0.6 for �a� and Ks /K3=1 for �b�. The
solid lines represent the rescaled analytic anchoring energy Fa for
small qA.
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ical argument does not reproduce the calculated azimuthal
angle profile, in particular close to z=0, for Ks /K3=0.6. Con-
sidering the fact that Ks /K3=0.6 gives a better agreement
between theoretical and numerical anchoring energies, these
results for the azimuthal angle profiles are somewhat surpris-
ing. The azimuthal angle profile for Ks /K3=0.6 is almost
symmetric about the line representing uniform twist �a line
connecting �z /Lz ,�n�= �1,�� and (0,��0�), which is not
drawn in Fig. 13�. On the other hand, it is highly asymmetric
for Ks /K3=1. Due to this symmetry of the azimuthal-angle
profile, the contribution from the director deviating largely
from the one naively expected from theoretical arguments
might cancel out, which might be a reason for the better
agreement between theoretical and numerical anchoring en-
ergies for Ks /K3=0.6.

V. CONCLUSION

We carried out numerical calculations of anchoring en-
ergy of a grooved surface induced by the elastic distortions
of a nematic liquid crystal in contact with the grooved sur-
face. The present numerical study was motivated by our re-
cent critical reexamination of Berreman’s theory on surface
anchoring of one-dimensional parallel grooves and its exten-
sion to surfaces with arbitrary shape. We checked whether
our theoretical results for small surface slopes can be repro-

duced numerically, and what happens to surface anchoring
energy when the surface slope cannot be regarded as small
enough.

We studied the anchoring properties of a surface by im-
posing local planar degenerate anchoring �at which the direc-
tor n can point to any direction as long as it is perpendicular
to the local surface normal�. We paid attention to surfaces
whose height profile with respect to z=0 is written as
h�x ,y�=A sin qy �one-dimensional parallel grooves� or
h�x ,y�=A�sin qx+sin qy� �surface with square patterns�. We
considered a nematic cell composed of the grooved surface
and a flat surface imposing fixed n parallel to it. Since we
dealt with a finite cell, twist deformations in the bulk exist
and the total Frank elastic energy becomes the sum of the
anchoring energy and the contribution from the uniform
twist. Therefore to obtain information on the surface anchor-
ing energy the twist contribution must be carefully elimi-
nated. Moreover, to find out the azimuthal angle dependence
of the anchoring energy, the “average” azimuthal angle at the
grooved surface ��0� must be determined. To this end, we
employed two methods; one is to determine ��0� by a simple
extrapolation of the twist in the bulk, and the other relates
��0� to the derivative of the total Frank elastic energy with
respect to �.

We showed that both the methods give the same depen-
dence of the anchoring energy on ��0�, irrespective of the
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FIG. 8. �Color online� Same as Fig. 7 for qA=� /16�0.196.
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shape of the surface �one-dimensional parallel grooves or a
surface with square pattern�, the surface slope qA, and the
surface elastic constant Ks, although the variations of ��0�
with respect to �, �azimuth of the fixed director at the top
surface� obtained by these two methods look slightly differ-
ent. This result indicates that both methods are consistent and
reliable as one for the determination of the azimuthal angle
dependence of the anchoring energy of a grooved surface.

We found that for qA�0.2 the agreement between ana-
lytical and numerical anchoring energies is excellent, for
both one-dimensional parallel grooves and a surface with
square patterns. Recalling the assumption of �qA��1 made in
the theoretical argument, we can say that the applicability of
the theory is larger than expected. We also observed a small
twist deformation in the bulk when qA�0.2, while no ob-
servable twist is found for qA�0.02.

For a larger surface slope, qA�0.59, the results are quite
different from those for qA�0.2. As expected, deviation of
the numerical anchoring energies from theory is clearly ob-
served, although for one-dimensional grooves with Ks /K3
=0.6 the deviation is relatively small. Moreover, we ob-
served the presence of large twist deformation in the bulk,
and in the case of one-dimensional parallel grooves, perpen-

dicular alignment ��=��0�=90° � becomes unstable for qA
�0.6, while it is stable for qA�0.2. We demonstrated by a
graphical argument that whether perpendicular alignment is
stable or not is determined by the form of the anchoring
energy and the value of K2 /Lz, with Lz being the cell thick-
ness. In the case of a surface with square patterns, the devia-
tion of numerical anchoring energies from analytical ones
again depends on the surface elastic constant Ks. Neverthe-
less, the direction of the easy axis found from the numerical
anchoring energy is along ��0�=45°, in agreement with that
of an analytical anchoring energy. We again found that
Ks /K3=0.6 gives a better agreement with theory than
Ks /K3=1. From these results, we can say that surface elas-
ticity plays a crucial role in surface anchoring not only in the
sense that the behavior of analytical anchoring energy sensi-
tively depends on surface elastic constant as argued in our
previous theoretical study, but also in the sense that the dif-
ference between numerical and analytical anchoring energy
is dependent on surface elastic constant.

Before concluding this paper, we comment on several
possible effects that have not been taken into account but
might be important. For example, local reconstruction of the
surface order with biaxiality could play some role in the case
of strong surface distortions or in the presence of defects
�43�. In treating such cases, description of the order should
be done using a second-rank tensor Qij rather than a director
n. Furthermore, presmectic wetting might significantly influ-
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FIG. 10. �Color online� Azimuthal angle of the director at the
bottom grooved surface with square patterns, ��0� as a function of
the �fixed� azimuthal angle at the top flat surface � for qA
=� /160�0.0196. The surface elastic constant is Ks /K3=0.6 �a�
and 1 �b�. The solid line corresponds to ��0�=�, which implies the
absence of twist deformations in the bulk.

0
5
10
15
20
25
30
35
40
45

0 5 10 15 20 25 30 35 40 45

Method A
Method B

0
5
10
15
20
25
30
35
40
45

0 5 10 15 20 25 30 35 40 45

Method A
Method B

(a)

(b)

FIG. 11. �Color online� Same as Fig. 10 for
qA=� /16�0.196.
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ence surface phenomena, as has been shown experimentally
in the case of porous materials in which geometry imposes
strong frustration �44�. We also mention that a possibly im-
portant memory effect �45� has not been considered. Never-
theless, we believe that our numerical scheme will be a
promising tool for the investigation of anchoring properties
of grooved surfaces. Although here we restricted our analy-
ses to one-dimensional sinusoidal grooves and a surface with
square pattern whose height profile is given by a sum of two
sinusoidal functions, our scheme can be readily extended to
surfaces of general shape h�x ,y�. Moreover, we can include
local surface anchoring energy of the form, e.g., W�n ·��, in
which W is an arbitrary function and � is some vector de-
fined at each point of the surface, for example, the surface
normal or a vector specifying the local easy direction. Con-
sidering the recent growing variety of experimental attempts
to tailor microscopically patterned surfaces to control an-
choring properties, we hope that the extension of our present
work will help in understanding the anchoring properties of
grooved surfaces manufactured experimentally, or in design-
ing surfaces with desirable anchoring properties.
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APPENDIX A: DISCRETIZATION OF THE SYSTEM

In this appendix we will describe how to discretize the
total Frank elastic energy F �Eq. �7�� and its functional de-
rivatives F /n. As noted in Sec. III A, we discretize the
system by N�N� �N+1� grid points with equal spacing
�x=�y=2� /qN in the x and y directions and ��=Lz /N in
the � direction. Equation �7� is formally discretized as

F =
��

N2 �
i=0

N−1

�
j=0

N−1

�
k=0

N−1
�z

��
fFrank

cell �i, j,k� , �A1�

where fFrank
cell �i , j ,k� is the Frank elastic energy density in a

cell �i , j ,k� whose volume is specified by i�x	x	 �i
+1��x, j�	y	 �j+1��y, and k��	�	 �k+1���. A deriva-
tive �z /�� appears explicitly in Eq. �A1� and fFrank implicitly
includes the derivatives �z /��, �z /�x, and �z /�y. Note that
from Eq. �6� now z should be regarded as a function of x, y,
and �. Since the functional form of z�x ,y ,�� is known from
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Eq. �6�, these derivatives can be readily calculated analyti-
cally. In the �i , j ,k� cell, we evaluate those derivatives at the
center of the cell, i.e., at x= �i+1 /2��x, y= �j+1 /2��y, and
�= �k+1 /2���.

The Frank elastic energy density in a cell, fFrank
cell , is a func-

tion of n, �xn, �yn, and ��n. For the following explanation,
we define

n̄i,j,k =
1

8 �
i�=0

1

�
j�=0

1

�
k�=0

1

ni+i�,j+j�,k+k�, �A2�

�̄xni,j,k =
ni+1,j,k − ni,j,k

�x
,

�̄yni,j,k =
ni,j+1,k − ni,j,k

�y
,

�̄�ni,j,k =
ni,j,k+1 − ni,j,k

��
. �A3�

Recall that the original Frank elastic energy density fFrank is a
function of n, �xn, �yn, and ��n, as is apparent in Eq. �7�.
With Eqs. �A2� and �A3� in mind, we define the discretized
version of the Frank elastic energy density fFrank

cell �i , j ,k� as

fFrank
cell �i, j,k� =

1

8 �
i�=0

1

�
j�=0

1

�
k�=0

1

fFrank�n̄i,j,k, �̄xni,j+j�,k+k�,

�̄yni+i�,j,k+k�, �̄�ni+i�,j+j�,k� . �A4�

Once the equilibrium profile of �ni,j,k� is known, the total
Frank elastic energy can be calculated from Eqs. �A1� and
�A4�.

One might wonder why such a complicated form of a
discretized Frank elastic energy density as Eq. �A4� is nec-
essary, and think that a representative evaluation of a partial
derivative in the cell like �̄xn= �1 /4�� j�=0

1 �k�=0
1 �ni+1,j+j�,k+k�

−ni,j+j�,k+k�� would be sufficient. However, we found that
such a treatment suffers from the checkerboard instability. A
summation like � j�=0

1 �k�=0
1 ni,j+j�,k+k� smears out the checker-

boardlike profile and thus cannot suppress the checkerboard
instability once it occurs. This is the reason why we have
chosen a complicated form of Eq. �A4�, which can avoid the
checkerboard instability.

To discuss how a functional derivative F /n should be
defined, consider G=�0

2�/qdx�0
2�/qdy�h�x,y�

Lz dz��x ,y ,z�
=�0

2�/qdx�0
2�/qdy�0

Lzd���z /�����x ,y ,��, where � is some sca-
lar function. Evidently G /��x ,y ,z�=1. On the other hand,
after discretizing G in the same spirit, we have

�G

��i,j,k
= �

1

2
�x�y��

�z

��
�k = 0 or N� ,

�x�y��
�z

��
�otherwise� . � �A5�

Therefore the relation between a functional derivative and a
discretized partial derivative is given by

G

��x,y,z�
=�

2

�x�y��
�z

��

�G

��i,j,k �k = 0 or N� ,

1

�x�y��
�z

��

�G

��i,j,k �otherwise� . �
�A6�

We use the same procedure to evaluate the functional deriva-
tive F /n�x ,y ,z� in the relaxation equation. Finally, we
note that in Eqs. �A5� and �A6�, �z /�� implies the average of
the eight corresponding derivatives in the cells containing
the vertex �i , j ,k� �“eight” should be replaced by “four”
when k=0 or N�. But just for simplicity, in our numerical
calculations, we evaluate �z /�� at x= i�x, y= j�y and �
=k�� in the calculation of Eq. �A6�.

APPENDIX B: SCHEMATIC EXPLANATION
OF SOME PROPERTIES OF �(0)

In this appendix we first give a brief explanation as to
why ��0�=90° at �=90° �twist deformation is absent� when
qA=� /160�0.0196 and � /16�0.196, while ��0��90°
�twist deformation is present� for qA=3� /16�0.589. To this
end, we illustrate schematically in Fig. 14 how to solve Eq.
�9� when �=90°. In Fig. 14, the solution of Eq. �9� corre-

sponds to the intersection of the curve representing f̃a�(��0�)
with a straight line with a slope −K2 /Lz. Notice from the

symmetry of the system that f̃a�(��0�=0° )= f̃a�(��0�=90° )
=0. For the cases we consider, f̃a�(��0�)�0 for 0° 
��0�

90°, as is evident from Figs. 1–3.

From Fig. 14, we readily find that when � f̃a�(��0�=90° )�
	K2 /Lz, with fa�(��0�)=dfa�(��0�) /d��0�, Eq. �9� has no so-
lution other than ��0�=90°. The above condition implies
weak surface anchoring or small cell thickness �or small Lz�.
On the other hand, when � f̃a�(��0�=90° )��K2 /Lz, there ex-
ists a solution ��0�
90°, which corresponds to the presence
of twist deformations in the bulk. We note that ��0�
90°
always gives lower total free energy than that for ��0�
=90°, because from Eq. �8� the former equals the area of
region �a� in Fig. 14, while the latter equals the sum of the
areas of regions �a� and �b�. Therefore, so long as a solution
��0�
90° exists, it always minimizes the total free energy;

0

slope:

slope:

(a)

(b)

FIG. 14. Schematic illustration as to how to solve Eq. �9�.
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in other words, the existence of a ��0�
90° results in twist
deformations in the bulk.

From Eq. �3�, we have f̃a�(��0�=90° )=−KA2q3, in which
K is a function of K1, K2, K3, and Ks and has the same
dimension as that of those elastic constants �42�. From the
discussion above, spontaneous twist deformations in the bulk
exist when KA2q3�K2 /Lz. Since we have chosen Lz=2� /q
and K2�K as noted above, this condition leads to

2��qA�2 � 1. �B1�

Equation �B1� is satisfied when qA=3� /16�0.6, while it is
not when qA=� /16�0.2 or qA=� /160�0.02. This argu-
ment is consistent with the presence of twist deformation in
the bulk for qA=3� /16 and its absence for qA=� /16 or
� /160 in the case of �=90°.

Next we show why ��0� cannot exceed some value
��0�max
90° in the case of qA=3� /16 as found in Fig. 6.
We again rely on a similar schematic illustration in Fig. 15,
showing how ��0� is determined with the variation of �. As
in the above argument, ��0� is determined by the intersection

of the curve representing f̃a�(��0�) with a straight line with a
slope −K2 /Lz. When � is larger than some value �max indi-
cated in Fig. 15, the line does not intersect with the curve

f̃a�(��0�), indicating that no solution exists, or that ��0� can-
not be determined. When �=�max, ��0� is evidently smaller
than 90°. We note that this behavior is observed only when

� f̃a�(��0�=90° )��K2 /Lz, which is the case for qA=3� /16 as
mentioned above. Otherwise, the line with a slope −K2 /Lz

always intersects the curve f̃a�(��0�) and therefore ��0� can
reach 90° when �=90°.

APPENDIX C: EXPLICIT FORM OF ny
max(z ,�(0))

In this appendix we will give the explicit form of the
maximum azimuthal distortions ny

max(z ,��0�) necessary for
plotting the solid lines in Fig. 13. We first briefly review our
theoretical argument for one-dimensional parallel grooves
�25,26�. Here we employ a setup equivalent to but apparently
different from that in Sec. II. The director at infinity n� is
taken along the x direction and the height of the surface with
respect to the reference plane z=0 reads h�x ,y�
=A sin�q�x sin �+y cos ���. Then the director n under the
assumption of small distortion is written as n��1,ny ,nz�, in
which ny represents azimuthal distortions. The solution ny for
the present problem is given by ny�x ,y ,z ,��
=qA sin�q�x sin �+y cos ���G�z ,��, with �26�

G�z,�� = sin �	 cos �

g1���
e−qzg1��� +

Ks

K3
cot2 �
 cos �

g1���
e−qzg1���

−
g2���
cos �

e−qzg2����� , �C1�

in which the definition of gi��� is found after Eq. �3� in Sec.
II.

In the terminology of this appendix, the profile of the
surface with square patterns is written as h�x ,y�=A�sin qx̃
+sin qỹ�, where we have defined x̃=x sin �+y cos � and ỹ
=x sin��+� /2�+y cos��+� /2�=x cos �−y sin �. We
showed �27� that, as long as the distortion of the director is
small enough, the superposition principle applies and there-
fore the azimuthal distortion ny for the surface with square
patterns reads ny�x ,y ,z ,��=qA�sin�qx̃�G�z ,��
+sin�qỹ�G�z ,�+� /2��. We notice that x̃ and ỹ can be varied
independently. Therefore the maximum value of ny with the
variation of x and y �or x̃ and ỹ� is given by

ny
max�z,�� = qA��G�z,��� + �G�z,� + �/2��� . �C2�

We note here that, in the discussion of the main text, the
angle � is replaced by the azimuthal angle at the bottom,
��0�, because the azimuthal angles of the director at the top
and the bottom surfaces are generally different in our nu-
merical system, and ��0� rather than � is relevant to the
behavior of the director in the vicinity of the bottom grooved
surface �near the top flat surface, the director profile is just
given by a uniform twist�.
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